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Abstract
A central requirement for any quantum error correction scheme is the ability to perform quantum
non-demolition measurements of an error syndrome, corresponding to a special symmetry property
of the encoding scheme. It is in particular important that such a measurement does not introduce
extra error mechanisms, not included in the error model of the correction scheme. In this letter, we
ensure such a robustness by designing an interaction with a measurement device that preserves the
degeneracy of the measured observable. More precisely, we propose a scheme to perform continuous
and quantum non-demolition measurement of photon-number parity in a microwave cavity. This
corresponds to the error syndrome in a class of error correcting codes called the cat-codes, which
have recently proven to be efficient and versatile for quantum information processing. In our design,
we exploit the strongly nonlinear Hamiltonian of a high-impedance Josephson circuit, coupling a
high-Q cavity storage cavity mode to a low-Q readout one. By driving the readout resonator at its
resonance, the phase of the reflected/transmitted signal carries directly exploitable information on
parity-type observables for encoded cat-qubits of the high-Q mode.
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By encoding a qubit in a superposition of coherent states of a harmonic oscillator, one
benefits from the redundancy provided by the infinite dimensional Hilbert space of the
system to realize a quantum error correction (QEC) protocol. In a set of theoretical and
experimental results, various aspects of encoding [1, 2], manipulation [3–6], error syndrome
measurement [7] and full quantum error correction [8, 9] with these states have been ex-
plored. Most spectacularly, a recent experiment [9] demonstrated an enhancement of the
error-corrected cat-code’s lifetime with respect to all system components. The performance
of the error correction is however limited by uncorrected error channels such as deterministic
relaxation of the coherent states amplitude, dephasing induced by cavity’s inherited anhar-
monicity, and most significantly the propagating errors from the ancillary transmon [10]
used for error syndrome measurements.
In an effort towards a fault-tolerant and scalable architecture for quantum information
processing, we recently proposed a framework based on non-linear drives and dissipations to
dynamically protect a degenerate manifold spanned by two or four coherent states against
some of these error channels [3]. Indeed, by engineering a non-linear coupling to a driven
bath where the exchange of photons occurs mainly in pairs (or quadruples) of photons, one
can stabilize a manifold spanned by two (resp. four) coherent states M2,α = span{| ± α〉}
(resp. M4,α = span{| ± α〉, | ± iα〉}). This stabilization suppresses, exponentially in |α|2,
the phase-flip errors of a logical qubit given by |0〉L = |C+α 〉, |1〉L = |C−α 〉 (resp. |0〉L =
|C(0mod4)α 〉, |1〉L = |C(2mod4)α 〉) where
|C±α 〉 = N±(|α〉 ± | − α〉),
|C(0mod4)α 〉 = N0(|C+α 〉+ |C+iα〉), |C(2mod4)α 〉 = N2(|C+α 〉 − |C+iα〉),
|C(1mod4)α 〉 = N1(|C−α 〉 − i|C−iα〉), |C(3mod4)α 〉 = N3(|C−α 〉+ i|C−iα〉),
and N±,N0,1,2,3 are normalization constants near 1/
√
2. One therefore deals with logical
qubits that are only susceptible to bit-flip errors, but on which one can perform a universal
set of logical gates (see [3, 4]). Such bit-flip errors can next be suppressed to first order by
photon-number parity measurements as in [9]. Also, one can achieve higher-order correction
through a register of such logical qubits and performing joint parity measurements between
adjacent ones.
While initial experiments with two-photon driven dissipation [11] illustrate the viability
of such a framework, many theoretical and experimental improvements are required in order
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to achieve a fully fault-tolerant architecture. One very important improvement concerns
the quantum non-demolition (QND) measurement protocols. Indeed, a central requirement
for all above proposals is the ability to measure observables such as photon number parity
of a cavity mode, or joint parity of two cavity modes. Such single-mode or two-mode
photon number parity measurements have been performed using an ancillary transmon and
a Ramsey interferometry type scheme [6, 7, 12]. They however suffer from an important
degree of non fault-tolerance and represent the main limitation in QEC [9]. In this letter, we
propose a new framework to perform QND measurement of various important parity-type
observables which could be integrated in a fault-tolerant architecture.
The current measurement schemes [6, 7] are based on a dispersive coupling of the cav-
ity mode to a transmon through a Hamiltonian of the form −~χ|e〉〈e|a†a. The parity
measurement is performed by initializing the transmon in the superposition (|g〉 + |e〉)/√2
and waiting for a time pi/χ. The |e〉 state of transmon will therefore acquire a pi phase
only for odd cavity Fock states. A measurement of the transmon, distinguishing between
(|g〉 + |e〉)/√2 and (|g〉 − |e〉)/√2 indicates the photon number parity. Nevertheless, a T1
error of the transmon during the evolution propagates to the cavity mode inducing photon
dephasing. Indeed, such a measurement protocol is not fault-tolerant as the eigenstates
of the measured observable (here parity cat states) get entangled to the ancillary system
during the measurement protocol, making them vulnerable to the ancilla’s errors (here T1
errors): a cat state |C±α 〉 evolves to (|C±α 〉 ⊗ |g〉+ |C±αe−iχt〉 ⊗ |e〉)/
√
2. A fault-tolerant parity
measurement could be for instance achieved through an effective Hamiltonian of the form
~χ|e〉〈e| cos(pia†a). A cat state |C±α 〉 would then evolve to |C±α 〉⊗ (|g〉+e±iχt|e〉)/
√
2, without
entangling to the transmon.
While the engineering of a highly degenerate Hamiltonian of the form ~χ cos(pia†a) seems
to be a complicated task, we show that in presence of two-photon or four-photon driven
dissipation, it could be effectively achieved with the help of quantum Zeno dynamics [13]. By
confining the dynamics to the manifoldM2,α, a physical Hamiltonian H acts as a projected
one HM2,α = ΠM2,αHΠM2,α , where ΠM2,α represents the projector on M2,α. To achieve an
effective parity Hamiltonian, one requires a physical Hamiltonian H satisfying
HM2,α = ~χΠM2,α cos(pia†a)ΠM2,α = ~χσLz ,
where σLz is the Pauli operator along the z-axis of the logical qubit defined by {|C±α 〉} and
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well-approximated by |α〉〈−α|+|−α〉〈α|. This means that H should couple the two coherent
states |±α〉. In the context of quantum superconducting circuits, such a Hamiltonian can be
achieved by strongly coupling a high impedance cavity mode to a Josephson junction [14, 15].
Indeed, considering a cavity mode with frequency ωa coupled capacitively to a Josephson
junction, and assuming that other modes (including the junction mode) are never excited,
the effective Hamiltonian in the interaction picture will be of the form
Hint(t) = −EJ
2
(D[β(t)] + D†[β(t)]), β(t) = iϕaeiωat.
Here EJ is the effective Josephson energy and ϕa =
√
Za/2RQ, where Za is the impedance
of the cavity mode seen by the junction and RQ = (2e)
2/~ is the superconducting resistance
quantum. Moreover, D[β(t)] is the displacement operator defined by D[β(t)] = eβ(t)a
†−β(t)∗a.
For ϕa ≈ 2|α|, this Hamiltonian couples the two coherent states | ± α〉. While a practical
realization of such a high impedance cavity mode is discussed later, we provide here a precise
analysis of the effective Hamiltonian.
In the limit ~ωa  EJ , we can apply a rotating wave approximation (RWA) to Hint(t) [16–
18], leading to
HRWA = −EJe−
ϕ2a
2
∑
n
Ln(ϕ
2
a)|n〉〈n|, (1)
where Ln(.) is the Laguerre polynomial of order n. In the presence of two-photon loss, the
effective Hamiltonian of the system, given by HRWAM2,α , follows a remarkable result. Under the
condition ϕa ≈ 2|α|, the Hamiltonian takes the form of the parity Hamiltonian, i.e
HRWAM2,α = −
~Ωa
2
[|C+α 〉〈C+α | − |C−α 〉〈C−α |] +O(EJe−
ϕ2a
2 )
= −~Ωa
2
σLz +O(EJe−
ϕ2a
2 ), (2)
where Ωa is a function of EJ , ϕa and α. It is well approximated by Ωa =
EJe
− 1
2
(ϕa−2|α|)2/~
√
pi|α|ϕa [19].
In Fig. 1a, we plot, for ϕa = 4, the eigenvalues of H
RWA/EJ associated to various Fock
states. Following the above arguments, HRWA acts, for α ≈ 2, as a parity Hamiltonian
on M2,α. This can be understood through the observation of alternating signs for the
eigenvalues of HRWA around the Fock state |4〉 corresponding to the average photon number
in the coherent state |α〉. Although the parity operator cos(pia†a) requires also its eigenvalues
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FIG. 1: (a) Eigenvalues of HRWA/EJ for ϕa = 4. The changing signs around the Fock state
|4〉 explain why under two or four-photon process, the Hamiltonian acts as a parity Hamiltonian
for a coherence state |α〉 with |α| = ϕa/2 = 2. (b) Non-vanishing matrix elements (in units of
EJ) of projected Hamiltonian for the two-photon driven dissipation, c
±
α = 〈C±α |HRWA|C±α 〉 as a
function of ϕa (α being set to 2). As shown in the inset, c
±
α take opposite values for 3 < ϕa < 5,
indicating that the projected Hamiltonian acts as the σZ Pauli operator in the logical basis |C±α 〉.
(c) Non-vanishing matrix elements (in units of EJ) of projected Hamiltonian for the four-photon
driven dissipation, cjjα = 〈C(jmod4)α |HRWA|C(jmod4)α 〉 as a function of ϕa (α being set to 5). We note
that for 9 < ϕa < 12 (corresponding to a window around 2α), the Hamiltonian is degenerate in
each parity subspace. (d) Effect of the amplitude |α| on the parity-subspace degeneracy for the
4-photon process. Fixing ϕa = 2α, we observe that for α < 4, we deal with a non-degenerate
Hamiltonian (hence the choice of α = 5 in (c)). As shown in the inset illustrates that while the
parity Hamiltonian strength ∆parity =
√
(c00α − c11α )2 + (c22α − c33α )2 decreases in 1/|α|, the parity
subspace non-degeneracy δparity =
√
(c00α − c22α )2 + (c11α − c33α )2 decreases exponentially in |α|2.
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to have the same module, this sign alternance is sufficient for having a parity Hamiltonian
under two-photon loss. In Fig. 1b, we fix α = 2 and we plot the diagonal matrix elements
c±α = 〈C±α |HRWA|C±α 〉 as a function of ϕa and in units of EJ . Note that, the off-diagonal
terms 〈C±α |HRWA|C∓α 〉 ≡ 0 as HRWA is diagonal in the Fock states basis and does not couple
even and odd manifolds. For ϕa < 1.5, c
+
α and c
−
α are roughly equal, meaning that the
Hamiltonian HRWAM2,α acts as the identity on M2,α. At larger values of ϕa, c+α and c−α differ
from each other. In particular, as shown in the inset of Fig. 1b, around ϕa = 4 = 2|α|, c+α
and c−α take opposite values. In this case, H
RWA
M2,α becomes proportional to σ
L
z .
From the construction of a single-mode parity Hamiltonian, acting as a σLz Pauli operator
in the logical basis, stems an immediate route to build a joint-parity Hamiltonian of two
cavity modes a and b both subject to two-photon dissipation. Considering two cavity
modes a and b coupled to a Josephson junction, the interaction Hamiltonian reads Hint(t) =
−EJ cos[ϕa(ae−iωat+c.c)+ϕb(be−iωbt+c.c)]. The mode frequencies ωa and ωb are off-resonant
so that we can apply the RWA (more precisely, one needs to choose these frequencies in a
way to avoid also high-order resonances)
HRWA =− EJe−
ϕ2a+ϕ
2
b
2∑
na,nb
Lna(ϕ
2
a)Lnb(ϕ
2
b)|na, nb〉〈na, nb|.
Similarly to the single-mode case, if both a and b are high-impedance modes and are subject
to two-photon loss, one can choose |α| ≈ ϕa/2 and |β| ≈ ϕb/2, such that the confined
Hamiltonian takes the form HRWAM2,α,β = −
~Ωa,b
2
σa,LZ ⊗σb,LZ , where Ωa,b = ~ΩaΩb/2EJ , σa(b),LZ =
|C+α(β)〉〈C+α(β)| − |C−α(β)〉〈C−α(β)|.
We have seen that under two-photon loss, the Hamiltonian HRWA acts as a par-
ity Hamiltonian. Remarkably, this result also holds in the presence of four-photon
loss, where the dynamics is confined to the larger manifold M4,α = M2,α ⊕
M2,iα. More precisely, for ϕa ≈ 2|α|, the projection of HRWA on M4,α satisfies
HRWAM4,α = −~Ωa/2 (ΠM4,α cos(pia†a)ΠM4,α +O(e−ξ|α|
2
)), with ξ = (
√
2 − 1)2 ≈ 0.17 [19].
The undesired term that scales as e−ξ|α|
2
lifts the degeneracy within the parity subspaces.
This non-degeneracy is however suppressed exponentially with cat size |α|2, while the ef-
fective Hamiltonian strength decreases only linearly in |α|−1. Therefore for large enough
α’s we still achieve an effective parity Hamiltonian. This is illustrated in Fig. 1d, where
we plot the diagonal matrix elements cjjα = 〈Cjmod4α |HRWA|Cjmod4α 〉. As shown in the in-
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set, the non-degeneracy vanishes rapidly and around values of |α| = 4, HRWAM4,α is well-
approximated by a parity Hamiltonian. The perfect degeneracy, for cat states of smaller
amplitude, can also be achieved by introducing more junctions providing more degrees
of freedom (see [19] for more details). Similarly to Fig. 1b, in Fig. 1c, we fix α = 5
(for which, as analyzed in Fig. 1d, the parity subspace degeneracy is ensured) and we
plot the diagonal matrix elements cjjα as a function of ϕa and in units of EJ . As shown
in the inset, around ϕa = 10 = 2|α|, we achieve an effective Hamiltonian of the form
pi4ph = |C(0mod4)α 〉〈C(0mod4)α |+ |C(2mod4)α 〉〈C(2mod4)α | − |C(1mod4)α 〉〈C(1mod4)α | − |C(3mod4)α 〉〈C(3mod4)α |.
Following the same idea as in the usual dispersive measurements of superconducting
qubits [21], one can perform a continuous quantum non-demolition measurement of the
above observables, σLZ and σ
L
Z ⊗ σLZ for the two-photon dissipation scheme, and pi4ph for
the four-photon dissipation. This can be done by coupling an extra off-resonant readout
mode to the same junction. This mode is then driven at its resonance (see Figs. 2a-c) and
the measurement outcome is imprinted on the phase or/and the amplitude of the reflected
signal. More precisely, by coupling a driven readout mode c to the junction, and in the case
of ϕc
√
nc  1 (here nc denotes the average number of readout photons and this requirement
is equivalent to assuming nc  ncrit, the critical number for dispersive approximation [22]),
we achieve the following effective Hamiltonians:
HdispM2,α ≈ −
~Ω˜a
2
σaZ +
~χa
2
σaZc
†c + Hdrive(t),
HdispM2,α,β ≈ −
~Ω˜a,b
2
σaZσ
b
Z +
~χa,b
2
σaZσ
b
Zc
†c + Hdrive(t),
HdispM4,α ≈ −
~Ω˜a
2
pi4ph +
~χa
2
pi4phc
†c + Hdrive(t). (3)
Here Hdrive(t) = ~(c(t)c† + ∗c(t)c), Ω˜a = e−ϕ
2
c/2Ωa, Ω˜a,b = e
−ϕ2c/2Ωa,b, χa = Ω˜aϕ2c , χa,b =
Ω˜a,bϕ
2
c .
The first terms in the above Hamiltonians simply induce deterministic rotations in the
associated parity subspaces, whereas the second terms correspond to frequency pulls on
mode c that depend on the values of associated observables. By driving the mode c at
resonance, so that Hdrive is time-independent, the measurement outcome is imprinted on
the phase of the pointer coherent state. Taking κc to be the dissipation rate of c induced by
its coupling to a readout transmission line, the measurement rate is optimal when κc = χa
7
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FIG. 2: (a) Schematic of a realization of a single-mode continuous parity measurement in presence
of two-photon driven dissipation. Similarly to [20], on one side we mediate a two-photon dissipation
of the storage high-Q cavity mode and on the other, we couple to a low-Q readout mode through a
high-impedance Josephson circuit. (b) Electrical circuit equivalent, without the two-photon driven
dissipation. The cavity (blue) and readout (green) modes are modeled by LC oscillators, and are
capacitively coupled to a high impedance Josephson circuit mode. This Josephson mode consists of
a large superinductance, formed from an array of large Josephson junctions (as in the fluxonium), in
series with a nonlinear circuit element, depicted as a cross-hatched box. (c) Schematic design of the
joint-parity measurements between two high-Q cavity modes under two-photon driven dissipation,
inspired from [6] and based on an extension of (a).
(χa,b for joint-parity measurement) [23]. This optimal rate is given by (see Fig. 3)
Γam = n¯cχa = n¯cϕ
2
ce
−ϕ
2
c
2
EJ
~
e−
1
2
(ϕa−2|α|)2√
pi|α|ϕa
, (4)
Γa,bm = n¯cχa,b = n¯cϕ
2
ce
−ϕ
2
c
2
EJ
~
e−
1
2
(ϕa−2|α|)2− 12 (ϕb−2|β|)2
2pi
√|αβ|ϕaϕb .
Practical realization of a high impedance cavity mode, satisfying ϕa ≈ 2|α|, poses a notable
challenge. To see this, note that this relation for α = 2 requires an impedance Za =
32RQ. For comparison, typical superconducting cavities have impedances 0.1RQ < Za < RQ
8
[24, 25]. However, much larger impedances Z ∼ 8RQ have been produced using devices
comprising superinductances (fabricated from arrays of large Josephson junctions), such as
in the fluxonium qubit [14, 15].
In our proposed experimental system (see Figs. 2a-b, a fluxonium-based qubit mode
composed of a superinductance in series with a nonlinear circuit element is capacitively
coupled to two cavities. This nonlinear circuit element is assumed to have a Josephson
junction-like Hamiltonian of the form
Hel = 4ECn
2 − EJ cosµϕ,
where n is the number of Cooper pairs across the element, ϕ is the superconducting phase,
EC is the charging energy, EJ is the Josephson energy, and µ is an integer-valued parameter
determined by the implementation. It may be worthwhile to realize µ > 1, and this could
be achieved by circuits similar to those proposed in [26, 27]. This transforms the effective
cavity impedance according to Za → µ2Za, making the relation ϕa ≈ 2|α| much easier to
satisfy. The details of this strategy will be described in a forthcoming publication.
Let us now study the limitations of such a measurement protocol. Here we have made a
few approximations and the main limitations are due to second order effects. The first one
concerns the RWA. Indeed, dealing with high-impedance modes one needs to be cautious
about higher order resonances. While in the single-mode case, such second-order effects lead
to a slight modification of the measurement rate, in the two-mode case, they could lead to
a small dephasing within the parity subspaces (see [19]). These effects could be minimized
by a careful choice of resonance frequencies.
Another limitation concerns the Zeno approximation. We have considered that under the
two-photon process, the confined dynamics is given by the projected Hamiltonian HRWAM2,α .
This corresponds to a first order Zeno dynamics approximation in zeno = EJ/~κ2ph [28, 29].
The second order correction in zeno induces a dephasing in the basis {|C±α 〉} occurring at a
rate ΓZ = r(α, ϕa)
2
zenoκ2ph, where the numerical factor r(α, ϕa) can be derived from [29].
This could be seen as an inefficiency in the measurement, where a constant part (independent
of the number of readout photons) of the measurement signal is lost through the two-photon
decay channel. Here, we analyze numerically this second order effect by simulating the
master equation
dρ
dt
= −i[HRWA,ρ] + κ2phD[a2 − α2](ρ) (5)
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FIG. 3: The left axis corresponding to the black straight curve illustrates the measurement rate
in the single-mode case (4) in units of EJ/~ and renormalized by the parameters of the readout
mode. Fixing α = 2 and varying ϕa, we observe an optimal measurement rate around ϕa = 2α. The
right axis, corresponding to the colored dashed curves, illustrate the efficiency of the measurement
limited by the higher order Zeno effects (simulating (5)). Here, we fix ϕc = .1 and the number of
readout photons nc = 1, and we plot η1ph = Γ
1ph
m /(Γ
1ph
m + ΓZ). Varying ϕa, we observe that this
efficiency achieves a local optimum near ϕa = 2α corresponding also to the optimum measurement
rate Γm. Also, by decreasing the Zeno parameter zeno = EJ/~κ2ph, this higher-order effect can be
suppressed.
where the single mode Hamiltonian, HRWA, is given by (1) and ρ(0) = 1
2
(|C+α 〉+ |C−α 〉)(〈C+α |+
〈C−α |). Taking α = 2, and varying ϕa and the Zeno parameter zeno, we look at the decay
of purity with time. This corresponds to a dephasing due to higher order Zeno dynamics
well-approximated by ΓZ . We illustrate in Fig. 3 (dashed lines corresponding to the right
axis) the value of η1ph = Γ
1ph
m /(Γ
1ph
m +ΓZ) corresponding to the measurement efficiency when
the number of readout photons is fixed to nc = 1. Indeed, as ΓZ does not depend on the
number of readout photons while Γm increases linearly in nc, this efficiency improves for
higher number of readout photons. We observe that for a given Zeno parameter zeno, the
point ϕa ≈ 2α corresponding to the optimal measurement rate Γm, is also a local optimum
of the efficiency. We do not account for the readout mode c in these simulations, as it does
not contribute to higher-order Zeno approximations and therefore to ΓZ . Note that, this
measurement inefficiency is the only detrimental effect of such higher-order dynamics. As
the Hamiltonian HRWA is diagonal in the Fock states basis, it does not change the parity
and therefore do not lead to any bit-flip type error of the logical qubit.
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We can perform a similar analysis for the two-mode joint-parity measurement protocol.
While higher order Zeno dynamics cannot lead to any change of photon number parities
(Hamiltonian is diagonal in the Fock states basis), in principle, it can lead to a dephasing
for each logical qubit. However, to a very good approximation (exponentially precise in
|α|2), such a dephasing occurs in a correlated manner, giving rise to a dissipation channel
of the form σaZ ⊗ σbZ (see [19]). This means that such higher order effects do not induce
any decoherence within a given joint-parity subspace. Therefore starting from c++|C+α , C+α 〉+
c−−|C−α , C−α 〉+c+−|C+α , C−α 〉+c−+|C−α , C+α 〉, the measurement will project the state on one of the
two parity states c++|C+α , C+α 〉+ c−−|C−α , C−α 〉 or c+−|C+α , C−α 〉+ c−+|C−α , C+α 〉 without affecting
the purity of these states. We thus deal with a quantum non-demolition measurement (with
non-unit efficiency) of joint parity.
We have shown how to achieve continuous quantum non-demolition measurement of three
parity-type observables for harmonic oscillators. We focus on the case of multi-photon
driven dissipative systems previously introduced for universal quantum computation with
cat-qubits [3]. The three observables consist of σaZ = |C+α 〉〈C+α | − |C−α 〉〈C−α | for a single-mode
under two-photon process, joint-parity σaZ ⊗ σbZ for two modes under two-photon process,
and pi4ph = |C(0mod4)α 〉〈C(0mod4)α |+|C(2mod4)α 〉〈C(2mod4)α |−|C(1mod4)α 〉〈C(1mod4)α |−|C(3mod4)α 〉〈C(3mod4)α |
under four-photon process. The continuous and QND measurement of these observables
play a central role towards scalable fault-tolerant architectures for universal quantum com-
putation. We also propose a possible implementation of these measurements through the
high-impedance coupling of the cavity mode(s) to a Josephson junction. While the focus
of this Letter is on Zeno dynamics induced by multi-photon driven dissipation, the scheme
could also be adapted to non-dissipative cases such as [30]. Indeed, in presence of strong
Kerr type non-linearities, the Hamiltonian perturbation due to high-impedance coupling to
a Josephson circuit results in the creation of a parity Hamiltonian. More precisely, consider-
ing a cavity subjected to strong self-Kerr effect and a two-photon drive, the Hamiltonian, in
the interaction picture, is given by H0 = −~K(a†2− E
∗
p
K
)(a2− Ep
K
), with K the self-Kerr coef-
ficient, and Ep the two-photon drive strength [30]. The 2D-manifoldM2,α = span{|C±α 〉} is a
doubly degenerate eigenspace of H0, separated from the other eigenspaces by an energy gap
of order 4~|Ep|. Considering the first order effect of a perturbative Hamiltonian H1 = HRWA
(see expression (1)) with ||H1||  4~|Ep|, we lift the degeneracy of M2,α, leading to two
non-degenerate eigenstates approximately given by |C+α 〉 and |C−α 〉. This implies that we have
11
achieved an effective σz Hamiltonian on the logical basis of cat states.
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Supplemental Material
I. THE ROTATING-WAVE APPROXIMATION (RWA) : DERIVATION AND VA-
LIDITY
A. Derivation of the hamiltonian HRWA : one-mode case and two-mode case
In the case of a single cavity mode coupled to a Josephson junction, the hamiltonian in
the interaction picture reads Hint(t) = −EJ cos(ϕa(ae−iωat + a†eiωat)) = −EJ/2(D[ca(t)] +
D[−ca(t)]), where ca(t) = iϕaeiωat. We can expand the displacement operator,
D[ca(t)] =
∞∑
la=0
A(la)(−ae−iωat)la +
∞∑
la=1
(a†eiωat)laA(la), (6)
where A(la) = ϕ
la
a e
−ϕ
2
a
2
∑
na=0
na!
(na+la)!
L
(la)
n (ϕ2a)|na〉〈na| is a hermitian operator [1]. Here, L(la)n
is the generalized Laguerre polynomial of order n and parameter la. The first order RWA,
given by the formula HRWA,1 = H(t) where H(t) = lim
T→∞
1
T
T∫
0
H(t)dt, reads in our case,
HRWA,1 = −EJe−
ϕ2a
2
∑
n
Ln(ϕ
2
a)|n〉〈n|. (7)
In the two-mode case, the hamiltonian reads in the interaction picture Hint(t) =
−EJ/2(D[ca(t)]D[cb(t)] + h.c.), where ca(t) = iϕaeiωat and cb(t) = iϕbeiωbt, i.e
Hint(t) = −EJ
2
[( ∞∑
la=0
A(la)(−ae−iωat)la +
∞∑
la=1
(a†eiωat)laA(la)
)
( ∞∑
lb=0
B(lb)(−be−iωbt)lb +
∞∑
lb=1
(b†eiωbt)lbB(lb)
)
+ h.c.
]
(8)
Similarly to A(la), we have defined B(lb) = ϕ
lb
b e
−ϕ
2
b
2
∑
nb=0
nb!
(nb+lb)!
L
(lb)
n (ϕ2b)|nb〉〈nb|. The fre-
quencies ωa and ωb are taken to be incommensurate, meaning that laωa 6= lbωb for all
la, lb > 0. In practice, we require that the modes are sufficiently off resonant to avoid
high order photon exchange terms. Under this assumption, the only non-rotating term
corresponds to la = 0 and lb = 0, which leads to
HRWA,1 = −EJe−
ϕ2a+ϕ
2
b
2
∑
na,nb
Lna(ϕ
2
a)Lnb(ϕ
2
b)|na, nb〉〈na, nb|. (9)
As mentioned in the main text, some of the high order terms eventually approach resonances.
This effect, which is accounted for in the second order RWA, is studied in section I B.
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B. Validity of the RWA
As we consider high impedance modes, we need to be careful about the validity of the
RWA. Indeed, non resonant high order terms in the development of the cosine (see expres-
sions (6) and (8)) have larger amplitudes than in the case of low impedance modes, and can
affect the dynamics throughout higher order interaction terms. The effect of these terms can
be evaluated though the second order correction of the RWA, resulting in the hamiltonian
HRWA,2, given by the following expression [2, 3]
HRWA,2 = HRWA,1 − i(H(t)−HRWA,1)
t∫
0
du(H(u)−HRWA,1). (10)
The hamiltonian remains diagonal in the Fock states basis at the second order, so that the
second order correction induces at most a shift of the hamiltonian eigenvalues. In the two-
photon process for the single-mode case, this merely leads to a small modification of the
measurement rate Γm. Moreover, as the smallest frequency of non-secular terms is given by
ωa  EJ (see expression (6)), this shift is small relatively to the eigenvalues.
In the case of two modes a and b with incommensurate frequencies ωa and ωb, the
second order hamiltonian HRWA,2 is also diagonal in the Fock states basis. As a direct
consequence, its projection HRWA,2M2,α,β on the manifold M2,α,β is a linear combination of the
operators Ia⊗Ib,σaZ⊗Ib, Ia⊗σbZ and σaZ⊗σbZ , where Ia(b) is defined as the identity onM2,α(β)
. Unlike in the single-mode case where this energy shift merely modifies the measurement
rate, here it can also lead to an unwanted dephasing within the parity subspaces. Indeed,
while for the first order RWA, HRWA,1M2,α,β ∝ σaZ⊗σbZ , the projection HRWA,2M2,α,β of the second order
hamiltonian HRWA,2 on the manifold M2,α,β can acquire non-zero components on σaZ ⊗ Ib
and Ia ⊗ σbZ . The measurement would therefore lead to a dephasing in two-qubit parity
subspaces. Besides, the second order energy shifts for this second order approximation can,
in principle, be large with respect to single-mode case. This is due to the fact that some
high order terms in la and lb (see expression (8)) become close to resonance. By inserting
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the expression of H(t) given in eq. (8) into eq. (10), we derive HRWA,2
HRWA,2 =− EJHRWA,1
+ E2J
∑
la,lb≥0, (la,lb)6=(0,0)
(1 + (−1)la+lb)
2(laωa + lbωb)
[(a†
la
A(la)
2ala)(b†
lb
B(lb)
2blb)
− (A(la)alaa†laA(la))(B(lb)blbb†lbB(lb))]
+ E2J
∑
la,lb≥1
((−1)la + (−1)lb)
2(laωa − lbωb) [(a
†laA(la)2ala)(B(lb)b
lbb†
lb
B(lb))
− (A(la)alaa†laA(la))(b†lbB(lb)2blb)],
where A(la) and B(lb) are introduced in Section I A. The ratios Γ
±
φ /Γm, where Γ
+
φ (Γ
−
φ )
is the measurement induced dephasing within the even (resp. odd) joint parity subspace,
quantify how much the quantum state is disturbed during a parity measurement, and can
be evaluated through
Γ+φ =
∣∣∣〈C+α , C+β |HRWA,2|C+α , C+β 〉 − 〈C−α , C−β |HRWA,2|C−α , C−β 〉∣∣∣/~
Γ−φ =
∣∣∣〈C+α , C−β |HRWA,2|C+α , C−β 〉 − 〈C−α , C+β |HRWA,2|C−α , C+β 〉∣∣∣/~
Γm =
∣∣∣〈C+α , C+β |HRWA,2|C+α , C+β 〉+ 〈C−α , C−β |HRWA,2|C−α , C−β 〉
− |C−α , C+β 〉〈C+α , C−β |HRWA,2|C+α , C−β 〉 − 〈C−α , C+β |HRWA,2|C−α , C+β 〉
∣∣∣/~.
As a numerical example, we set the mode frequencies to ωa = 9.10GHz and ωb = 7.5GHz,
the Josphson energy EJ/~ = 300MHz, the cat amplitudes α = β = 2, the parameters
ϕa = ϕb = 2α. We find that Γ
+
φ /Γm ∼ 10−3 and Γ−φ /Γm ∼ 5× 10−3, while the measurement
rate Γm can be as high as 1MHz (see Fig. 3 of the main text).
II. ZENO DYNAMICS APPROXIMATION : FIRST ORDER AND SECOND OR-
DER CORRECTIONS
A. First order Zeno dynamics approximation
1. Two-photon process : Derivation of the effective hamiltonian HRWAM2,α
Under two-photon driven dissipation, the state of the oscillator is confined to the manifold
M2,α = span{|C±α 〉}. The dynamics in the first order approximation in zeno = EJ/~κ2ph, is
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given by the projection HRWAM2,α of the hamiltonian HRWA on M2,α. Since HRWA is diagonal
in the Fock states basis, the off diagonal matrix elements 〈C±α |HRWA|C∓α 〉 are identically zero.
The diagonal matrix elements c±α = 〈C±α |HRWA|C±α 〉 satisfy
c±α = −EJe−
ϕ2a
2
−|α|2∑
n≥0
|α|2n
n!
Ln(ϕ
2
a)∓ EJe−
ϕ2a
2
−|α|2∑
n≥0
(−|α|2)n
n!
Ln(ϕ
2
a)
= −EJe−
ϕ2a
2 [J0(2|α|ϕa)± e−2|α|2I0(2|α|ϕa)], (11)
where J0(.) and I0(.) are respectively the Bessel function and the modified Bessel function,
both of the first kind. To derive the second line of eq. (11), we applied the identity (5.1.16)
of [4]. As we have |J0(2|α|ϕa)| ≤ 1, the first term is bounded by EJe−
ϕ2a
2 . Note that this
ensures the symmetry c+α = −c−α + O(EJe−
ϕ2a
2 ). Using the asymptotic expansion (29.7)
of [5] for I0 leads to e
−ϕ
2
a
2 e−2|α|
2
I0(2|α|ϕa) = e− 12 (ϕa−2|α|)2 [1 + F (2|α|ϕa)]/
√
4pi|α|ϕa, with F
satisfying |F (2|α|ϕa)| < (16|α|ϕa)−1. Hence, the hamiltonian HRWAM2,α reads
HRWAM2,α = −
~Ωa
2
[|C+α 〉〈C+α | − |C−α 〉〈C−α |] +O(EJe−
ϕ2a
2 ), Ωa =
EJ
~
e−
1
2
(ϕa−2|α|)2√
pi|α|ϕa
[1 + F (2|α|ϕa)].
= −~Ωa
2
σLz +O(EJe−
ϕ2a
2 ).
Note that in the regime we consider, we typically have ϕa = 2|α| = 4. It leads to
|F (2|α|ϕa)| < 1/64, so that Ωa is well approximated by
Ωa ≈ EJ~
e−
1
2
(ϕa−2|α|)2√
pi|α|ϕa
.
2. Four-photon process : Derivation of the effective hamiltonian HRWAM4,α
Under four-photon driven dissipation, the state is confined to the manifold M4,α =
span{|C(jmod4)α 〉, j = 0, 1, 2, 3}, and the effective hamiltonian is given by the projection HRWAM4,α
of the physical hamiltonian HRWA on the 4D-manifold M4,α (first order approximation in
zeno = EJ/~κ4ph). Since HRWA is diagonal in the Fock states basis, its projection HRWAM4,α is
also diagonal in the basis {|C(jmod4)α 〉} (as the expansion of |C(jmod4)α 〉 includes only Fock states
n such that n mod 4 = j). The diagonal matrix elements cjjα = 〈C(jmod4)α |HRWA|C(jmod4)α 〉 read
cjjα = (−1)j+1
~Ωa
2
+
ij
2
[〈iα|HRWA|α〉+ (−1)j〈iα|HRWA| − α〉], j = 0, 1, 2, 3
In the above expression, the first term comes from the coupling of |α〉 and | − α〉, and the
coupling of |iα〉 and | − iα〉. This corresponds to the desired parity-like term. Note that
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its amplitude is given by ~Ωa/2, as in the case of HRWAM2,α . The second term, resulting from
the coupling of the states | ± α〉 and | ± iα〉 through HRWA, lifts the degeneracy within the
parity subspace. This undesired term can be evaluated, as we have
〈iα|HRWA|α〉 = −EJe−ϕ2a−(1+i)|α|2I0(2eipi4 |α|ϕa)
≈ −EJe− 12 (ϕa−
√
2|α|)2 e
i[−pi
8
+|α|(|α|−√2ϕa)]√
4pi|α|ϕa
,
and 〈iα|HRWA| − α〉 = (〈α|HRWA|iα〉)†. Hence, the diagonal matrix elements read
cjjα = −
~Ωa
2
+ (−1) j2 e
− 1
2
(ϕa−
√
2|α|)2√
4pi|α|ϕa
cos
(|α|(|α| − √2ϕa)− pi
8
)
, j = 0, 2
cjjα =
~Ωa
2
+ (−1) j−12 e
− 1
2
(ϕa−
√
2|α|)2√
4pi|α|ϕa
sin
(|α|(|α| − √2ϕa)− pi
8
)
, j = 1, 3.
Under the condition ϕa = 2|α|, the second terms scale as e−|(
√
2−1)α|2|α|−1, and the ratio of
the second and the first terms simply scales as e−|(
√
2−1)α|2 . Note that (
√
2−1)2 ≈ 0.17, which
explains the necessity to consider larger cat amplitude α to obtain a parity hamiltonian (see
Fig. 1d of the main text).
B. Second order Zeno dynamics approximation for two modes under two-photon
driven dissipation
In this section, we study the effect of the second order Zeno dynamics approximation for
the case of two modes a and b, both subject to two-photon driven dissipation and the two
mode hamiltonian HRWA given by eq. 9, with ϕa ≈ 2|α| and ϕb ≈ 2|β|. While the first order
Zeno dynamics approximation in zeno corresponds to a modification of the hamiltonian part
of the dynamics (HRWA acts as a projected hamiltonian on the manifoldM2,α,β), the second
order correction arises in the form of dissipation channels described by Lindblad operators
acting on M2,α,β. As the hamiltonian HRWA is diagonal in the Fock state basis, these
Lindblad operators are linear combinations of Ia⊗ Ib, σa⊗ Ib, Ia⊗σb and σa⊗σb. Indeed,
the hamiltonian HRWA cannot induce any change of single-mode parities. It, therefore,
cannot induce bit-flip type errors on logical qubits. While the correlated phase-flips occuring
through the operator σa⊗σb reduce the efficiency of the measurement without affecting the
state of the system (see main text), independent phase-flips induced by the operators σa⊗Ib
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and Ia⊗σb lead to an unwanted dephasing within the parity subspaces. In what follows, we
show numerical evidence that the induced dephasing rate γind decreases exponentially with
the cats amplitudes |α| and |β|. For simplicity sakes, we set α = β.
It is useful to note that phase-flips in the basis {|C±α 〉} corresponds to bit-flips in the
basis {| ± α〉}. Thus, under independent phase-flips, the state |α, α〉 will evolve towards a
mixture of the states |α, α〉, | −α, α〉, |α,−α〉 and | −α,−α〉, whereas correlated phase-flips
will map |α, α〉 to a mixture of the states |α, α〉 and | − α,−α〉. Initializing the two-mode
system in the state |α, α〉 and letting it evolve for a fixed time T2ph = (κ2ph)−1  γ−1ind, where
κ2ph = min(κ
a
2ph, κ
b
2ph), the quantity γind/κ2ph is given by to the final state population on the
manifold span{| − α, α〉, |α,−α〉}. However, simulating the full two-mode master equation
for high values of |α|, e.g |α| = 5, requires important computational resources due to the
high dimensionality of the Hilbert space. We propose a different semi-analytical approach
to circumvent this difficulty.
The idea is to analytically derive the second order corrective terms acting on the
reduced manifold M2,α,α. As stated in [6], these terms take the form of Lindblad operators
Ca,µ and Cb,µ, given by Cj,µ = MµRj, with Rj = 2Lj(L
†
aLa + L
†
bLb)
−1HRWAΠM2,α,α .
Here, we have used the operators La =
√
κ2ph(a
2 − α2), Lb = √κ2ph(b2 − α2), and the
projector ΠM2,α,α on the manifold M2,α,α. The inverse operation in (L†aLa + L†bLb)−1
is understood here as the Moore-Penrose pseudo-inverse. Finally, {Mµ} corresponds
to a set of Kraus operators such that, for any initial state ρ, L2,α,α(ρ) =
∑
µ MµρM
†
µ
is the steady state of the system subject to two-photon process. Note that evaluating
the application of the Kraus map L2,α,α to a state ρ only requires the calculation
of the nine quantities 〈Jr1,r2〉ρ = tr(ρJr1,r2), with Jr1,r2 = Jr1 ⊗ Jr2 and (r1, r2) ∈
{(++,++), (++,−−), (−−,++), (++,+−), (−−,+−), (+−,++), (+−,−−), (+−,+−), (+−,−+)},
and where the single mode operators J++ and J+− are defined in eq. (A.1) and (A.2) of [7].
In the second order Zeno dynamics approximation, the reduced master equation reads
dρ2nd
dt
=− i[HM2,α,α/~,ρ2nd] +
∑
µ;j=a,b
MµRjρ2ndR
†
jM
†
µ −
1
2
(R†jM
†
µMµRjρ2nd + ρ2ndR
†
jM
†
µMµRj)
=− i[HM2,α,α/~,ρ2nd] +
∑
j=a,b
LM2,α,α(Rjρ2ndR†j)−
1
2
(R†jRjρ2nd + ρ2ndR
†
jRj) (12)
(13)
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Here, we study the second order correction
R2nd(ρ2nd) =
∑
j=a,b
LM2,α,α(Rjρ2ndR†j)−
1
2
(R†jRjρ2nd + ρ2ndR
†
jRj).
The rate γind is well estimated by
γind ∼ tr[(| − α, α〉〈−α, α|+ |α,−α〉〈α,−α|)R2nd(|α, α〉〈α, α|)]. (14)
In Fig. 4, we numerically calculate the above expression. We clearly observe an exponential
suppression of γind with the cats amplitude |α|, for zeno = 1.
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FIG. 4: Numerical estimation of undesired dephasing γind (see eq. (14)) within the two-mode
parity subspaces. This dephasing rate, induced by second order correction to Zeno dynamics, is
exponentially suppressed with |α|.
This exponential suppression can be understood through the study of the jump op-
erators Rj. We first focus on a single mode case, where the dissipation part is given
R2nd(ρ2nd) = LM2,α(Rρ2ndR†)− 12(R†Rρ2nd + ρ2ndR†R), R = 2La(L†aLa)−1HRWAΠM2,α,α
and HRWA is given in eq. (7). The state |α〉 is mapped through a jump to the state |ψR〉 =
R|α〉/||R|α〉||. The first row of Fig. 5 shows the Husimi Q functions Q(γ) = 1
pi
|〈γ|ψR〉|2 for
α = 2, 3, 4, 5. While the states population is concentrated around | − α〉, it presents a dip
precisely at −α. This dip simply indicates that the dissipation term arises from the compo-
nent of HRWA which differs from the parity hamiltonian. The Q functions of the projected
states LM2,α(|ψR〉〈ψR|), represented in second row of Fig. 5, show a quick suppression of the
final population on the state |α〉. This means that the second order Zeno effect only leads to
a σz jump and not a combination of I and σz. Similarly, in the two-mode case, the jumps
are necessarily of the form σaz ⊗ σbz.
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FIG. 5: The first row shows the Husimi Q functions Q(γ) = 1pi |〈γ|ψR〉|2 of the state |ψR〉 =
R|α〉/||R|α〉||, where R is the single mode jump operator defined in Section II B. The different
figures correspond to the various values of α = 2, 3, 4, 5, from left to right. While the states
population is concentrated around | − α〉, it presents a dip precisely at −α. This dip simply
indicates that the dissipation term arises from the component of HRWA which differs from the
parity hamiltonian. For the same values of α, the second row shows the Q functions of the
projected states LM2,α(|ψR〉〈ψR|). We observe a rapid suppression of the population on |α〉 with
the amplitude α. As numerically estimated in Fig. 4, this suppression is exponential.
III. PERFECT DEGENERACY OF THE PARITY HAMILTONIAN UNDER
FOUR PHOTON LOSS USING THREE JUNCTIONS
In the Letter, it was pointed out that the projection of the hamiltonian HRWA,1 on the
4D-subspace Mα,4 does not lead to an exact parity hamiltonian. More precisely, we have
HRWAM4,α ∝ ΠM4,α cos(pia†a)ΠM4,α +O(e−ξ|α|
2
). While HRWAM4,α approaches the parity hamilto-
nian exponentially with the cat size |α|2, the parity subspace are non-degenerate for small
|α| (see Section II A 2). This non-degeneracy is illustrated in Figure 1c of the manuscript.
Here, we show that one can make the parity subspace exactly degenerate by capacitively
coupling a high impedance cavity mode to three Josephson junctions instead of a single one.
Considering the hamiltonian of such a system, we move to the rotating frame and apply the
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RWA, leading to
HRWA = HRWA1 + H
RWA
2 + H
RWA
3 , H
RWA
k = −EJ,k
∑
n
e−
ϕ2a,k
2 Ln(ϕ
2
a,k)|n〉〈n|. (15)
EJ,i is the Josephson energy of junction i, and ϕa,i =
√
pie2Za,i/h where Za,i is the impedance
of the cavity mode seen by junction i. We define cjjk = 〈C(jmod4)α |HRWAk |C(jmod4)α 〉, j = 0, 1, 2, 3,
and k = 1, 2, 3. We then note ∆0,2k = c
22
k − c00k and ∆3,1k = c11k − c33k , k = 1, 2, 3. The parity
subspaces are degenerate if one has ∑
k=1,2,3
EJ,k∆
0,2
k = 0∑
k=1,2,3
EJ,k∆
3,1
k = 0
EJ,k > 0. (16)
We think of the Josephson energies EJ,k as the variables of the system as they can be
effectively adjusted using SQUID architecture, while the ϕa,k are parameters of the system.
The system only needs a rough tuning of the parameters ϕa,k. In Fig. 6, the red domains
indicate the existence of a solution (EJ,1, EJ,2, EJ,3) for the above system by as we vary ϕa,2
and ϕa,3 from 0.5|α| to 2.5|α|, having set ϕa,1 = 2|α| and |α| = 2. The system requires a
rough tuning of ϕa,2 and ϕa,3 and a fine tuning of the Josephson energies to achieve perfect
degeneracy of the parity subspaces.
'a;2=j,j
0.5 1 1.5 2 2.5
'
a;
3
=j
,
j
0.5
1
1.5
2
2.5
FIG. 6: By choosing ϕa,1 = 2|α| and |α| = 2, we indicate in red the domains of ϕa,2 and ϕa,3 (in
units of |α|) for which the hamiltonian HRWA, given by 15, can potentially act as a perfect parity
hamiltonian on M4,α. More precisely, one can carefully choose the Josephson energies EJ,1, EJ,2
and EJ,3, such that the parity subspaces of H
RWA
M4,α are degenerate.
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IV. EXTENSION : FROM A Z2-PARITY HAMILTONIAN TO A Zn-PARITY
HAMILTONIAN
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FIG. 7: (a) : Diagonal matrix elements ckkα=5,q=4 = 〈C(k mod 4)α=5 |HRWA|C(k mod 4)α=5 〉 as given by eq.
(17), plotted as a function of ϕa. For ϕa ≈ 2|α| which corresponds to m0 = 2 in eq. (18), one
has c00α,4 = c
22
α,4 = −c11α,4 = −c33α,4, so that HRWA acts as a Z2-parity hamiltonian on M4,α. For
ϕa ≈
√
2|α| (m0 = 1), the hamiltonian HM4,α is fully non-degenerate for most values of ϕa around
√
2|α|, which allows the measurement of the photon number modulo 4. (b) : Diagonal matrix
elements ckkα=7,q=6 = 〈C(k mod 6)α=7 |HRWA|C(k mod 6)α=7 〉 as given by eq. (17), plotted as a function of ϕa.
For ϕa ≈ 2|α| (corresponds to m0 = 3 in eq. (18) ), HRWA acts almost as a Z2-parity hamiltonian
on M6,α. The degeneracy within the parity subspaces is lifted because of the second term of eq.
(18). For ϕa ≈
√
3|α| (m0 = 2), one has c00α,6 = c33α,6, c11α,6 = c44α,6 and c11α,6 = c44α,6, meaning that
the hamiltonian distinguish the states according to their photon number modulo 3. For ϕa ≈ |α|
(m0 = 1), the hamiltonian HM6,α is fully non-degenerate except for a discrete set of values of ϕa,
and allows the measurement of the photon number modulo 6.
We have focused on obtaining a Z2-parity hamiltonian under two-photon (or
four-photon) driven dissipation, i.e a physical hamiltonian H satisfying HM2(4),α ∝
ΠM2(4),α cos(pia
†a)ΠM2(4),α . More precisely, under two-photon process, we have designed
schemes to measure, in a continuous and QND manner, the observable σaZ = |C+α 〉〈C+α | −
|C−α 〉〈C−α | for a single-mode under two-photon process. Under four-photon driven dissipation,
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we have proposed a measurement scheme for the observable pi4ph = |C(0mod4)α 〉〈C(0mod4)α | +
|C(2mod4)α 〉〈C(2mod4)α | − |C(1mod4)α 〉〈C(1mod4)α | − |C(3mod4)α 〉〈C(3mod4)α |. More generally, under the q-
photon driven dissipation induced by the Lindblad operator
√
κq(a
q − αq), the oscillator
state is confined to the manifold Mq,α = span{|αe
2ipip
q 〉, p = 0, ..., q − 1}. Considering the
same single mode hamiltonian HRWA given in eq. (7), we show that HRWA can act as the
operator cos(mpi
q
a†a) for an appropriate choice of ϕa. This operator with 0 ≤ m ≤ q − 1
corresponds to generalized parity-type observables on Mq,α.
Let us first define another basis of the manifold Mq,α, the set of the q-component cat
states {|C(k mod q)α 〉 = 1√q
q−1∑
p=0
e−
2ipkpi
q |αe 2ippiq 〉, k = 0, ..., q − 1} [8]. Note that the expansion of
the state |C(k mod q)α 〉 contains only Fock states |m〉 such that m ≡ k(mod q). With similar
arguments used to derive HRWAM2(4),α , the single mode hamiltonian H
RWA given by eq. (7) acts
as the projected hamiltonian on Mq,α and its projection is diagonal in the cat states basis.
For any ϕa > 0, the matrix elements c
kk
α,q = 〈C(k mod q)α |HRWA|C(k mod q)α 〉 read
ckkα,q = −
EJ√
4piϕa|α|
q−1∑
m=0
e−
1
2
(ϕa−2|α| sin(mpiq ))2 cos(k
mpi
q
+ θm,q), (17)
where θm,q = 2|α| cos(mpiq )[ϕa − |α| sin(mpiq )]− pi4 − mpi2q . Thus, if one sets ϕa = 2|α| sin(m0piq ),
the matrix elements ckkα,q read
ckkα,q = −
EJ√
4piϕa|α|
[cos(k
m0pi
q
+ θm0,q) +O(e−2|α|
2(sin
(m0+1)pi
q
−sin m0pi
q
)2)], (18)
with θm0,q = |α2| sin(2m0piq )− pi4 − m0pi2q .
In Fig. 7a, the matrix elements ckkα,q are represented as a function of ϕa in the case α = 5
and q = 4 (Fig. 7a). Around the values ϕa = 2|α| sin(m0pi4 ), the spectrum exhibits the
expected behaviours. For m0 = 2 (ϕa = 2|α|), the spectrum of the hamiltonian HM4,α
consists in two degenerate eigenspaces, grouping the states by their photon number modulo
2. For m0 = 1 (ϕa =
√
2|α|), the spectrum of the hamiltonian HM4,α is fully non-degenerate,
resulting in a distinction of the states according to their photon number modulo 4. In
the case α = 7 and q = 6 (Fig. 7b), the stabilized manifold is generated by the states
|C(k mod 6)α 〉, k = 0, ..., 5 . Setting the parameter m0 = 3 (ϕa = 2|α|), HM4,α gives a
parity hamiltonian (photon number modulo 2). For m0 = 2 (ϕa =
√
3|α|), there are three
degenerate eigenspaces representing the states photon number modulo 3. Finally, the case
m0 = 1 (ϕa = |α|) yields a fully non-degenerate hamiltonian, which allows a spectral
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distinction of the states indexed by the photon number modulo 6.
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